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Before you start, read the following:
e Write your name and student number on top of each page of your exam;
e Illegible writing will be graded as incorrect;
e Annexes:
— Integral of the Standard Normal distribution
— Quantiles of the t distribution

— Quantiles of the Chi-squared distribution



Problem 1 (30 Points)

Let X; be a sample of size N of data points, which have following distribution:

foa(X) = M7X25
P o, x <5,

where o > 0. Using method of moments, find estimators for parameters o and £.

Solution. As a first step we have to calculate first (11) and second (19) moments for
the given distribution:
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The last integral can be taken by parts. From the other side this integral is expected
value for the exponential distribution with parameter A = 1. Therefore, it is equal to one:

=05 +a
In a similar way:
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The integrals can be taken by parts. From the other side, first moment and variance
for the exponential distribution with A = 1 are equal to one. Therefore, Fy_[y*] =
Var(y) + (Exafy])? =14+ 1=2:

o = 2% +2af + B = (a + B)? + o’

From these two equations we can find that a = /s — p2 and 8 = g — /2 — p3. By
replacing pq and ps by % Zfil X; and le Zfil X2, respectively, we obtain the estimators:

1 & 1 & ’
A E )(2 E X’
. Ni:1 L (N i=1 1) ’

al 1 < 1 :
2
ZZIXi— N;Xf—<ﬁ 1)@-)

1



Problem 2 (15 Points)

The quality control of a production line of LED flash lights has found that out of 400
flash lights 40 were defect. Estimate 99% confidence interval for the probability of defect
production.

Solution. Probability of a defect production can be estimated by taking ratio of false
production cases to the total items produced: p = % = % = 0.1. Since production
of each item is independent, and probability of defect production is low, we can assume
that probability distribution for the false production is Poisson. Using property of the
Poisson distribution that expected mean rate (expected value) is equal to the variance of
the distribution, we can estimate standard deviation for the false production within the
batch of 400 items to be o = \/ﬁ = \/40. Rate of 40 is rather high for the Poisson
distribution, therefore it can be approximated with normal distribution with mean p = Ny
and standard deviation o = \/ﬁ = 1/40. Let’s construct 99 % confidence interval for
the defect production with the batch of 400 items:

Ny € [N} — 200505 Ny + 20.050] = [40 — 1.65/40; 40 + 1.65\/40} .
Using this interval, we can calculate interval for the probability of defect production:
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] = [0.739;0.126).

Problem 3 (15 Points)

Parameter © was estimated using leastsquares method. The used data sample consists
of 41 measured points. The estimated value of parameter is © = 20 and the value of
x2(Q?) is 56. Formulate goodness of the fit test (Pearson test, x? test) with significance
of & = 0.05 for this case. Is the test one or two sided? Using formulated test make
decision if the measured data can be described by the model, used to fit the data.

Solution. According to the Pearson test the Q2 value should be distributed according
to the x? distribution with N — 1 = 41 — 1 = 40 degrees of freedom (only one parameter
was estimated from data). The test should be two-sided, since both, too small and too
large values of (Q? are not probable. Therefore, we formulate a test: H, — data are
well described by the model, H; — data are not described by the model. Tests statistic:
minimum value of the Q2. Critical region is found using tables of the quantiles of the
x? distribution with probability content of 0.025: Q? < 24.433 or Q? > 59.342. The Q?
obtained from the fit is 56, which is outside the critical region. Therefore, we accept Hj.



Problem 4 (20 Points)

Experimentalist aims to measure resistance of a cell by measuring dissipated power P; at
different currents I;. According to the Ohm law P = RI?. Precision of the measurement
device is op = 1 W. The following data points were measured: (I = 0 AP = 1 W),
(I =1 AP =3W). Using leastsquares method estimate resistance of the cell. Specify
68.3 % confidence central interval for the measured resistance.

Solution. Using measured data points (I;, ;) we can write expression for the Q:

N

P, — RI?\*
22 (550)

=1

In order to find at which value of R )? has minimum we take derivative of the ()
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Simplifying this equation we obtain: 32 BI? = RSN It

i=1"1
N
R — Zi:l PZ[E
—~N
ZiZI ]Z4
2

Using given data we obtain R = 3 Ohm. The minimum value of the Q:.in 1s equal to
one. To find interval with confidence level of 68.3 % we have to solve equation Q?(R) =
2
+1=2:

min
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Roots of this equations are R = 2 Ohm and R = 4 Ohm. Therefore, the we can state
that the true value of resistance in inside of the interval R € [2,4] Ohm with probability
of 68.3 %.

Problem 5 (20 Points)

Let X; be a sample of size N of data points, which have normal distribution with mean
1 and standard deviation ¢ = 1. There are two hypothesis:

Hy: p=—1,
Hli /.LZO

Using average as a test statistic with the critical region of £ > — N7, where  is a real
number, find all values of v for which the test is consistent. (Tests is consistent if the



power of the test for a fixed untrue hypothesis increases to one as the number of data
items increases).

Solution. Since we discuss power of the tests, we should concentrate on the alternative
hypothesis H;. Standardized z, value for the alternative hypothesis is equal to:
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This z, n value corresponds to a certain right-tail probability — power of the test. Since

power of the tests should increase with increasing N, z, n should decrease (increasing
right-tail probability): 2, n+1 < Zan:
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since In (1 + %) > ( for any positive N.



Table 1: Integral of the Standard Normal distribution: ®(z) = [* -1 emamdr

00 /271

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.00 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.10 | 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.20 | 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.30 | 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.40 | 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.50 | 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.60 | 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.70 | 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.80 | 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.90 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.00 | 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.10 | 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.20 | 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.30 | 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.40 | 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.50 [ 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.60 | 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.70 | 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.80 | 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.90 | 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.00 { 09772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.10 { 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.20 | 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.30 1 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.40 1 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.50 [ 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.60 | 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.70 1 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.80 1 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.90 | 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.00 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.10 1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.20 1 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.30 1 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
3.40 | 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998

3.50 [ 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998
3.60 | 0.9998 0.9998 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.70 1 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.80 1 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.90 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000




Table 2: Quantiles of Student’s ¢-distribution: ffoo Stud(NDF)dr = «

NDF; o | 0.550 0.600 0.680 0.750 0.900 0.950 0.975 0.990 0.995
110.158 0.325 0.635 1.000 3.078 6.314 12.706 31.821 63.657
210142 0.289 0.546 0.816 1.886 2.920 4.303 6.965 9.925
30137 0.277 0.518 0.765 1.638 2.353 3.182 4541 5.841
410134 0.271 0.505 0.741 1.533 2.132 2776  3.747 4.604
510.132 0.267 0.497 0.727 1476 2.015 2571 3.365 4.032
60.131 0.265 0492 0.718 1.440 1.943 2.447 3.143 3.707
710.130 0.263 0.489 0.711 1.415 1.895 2.365 2998  3.499
810.130 0.262 0.486 0.706 1.397 1.860 2.306 2.896  3.355
910129 0.261 0484 0.703 1.383 1.833 2262 2821 3.250

10 | 0.129 0.260 0.482 0.700 1.372 1.812 2.228 2.764 3.169
11 1 0.129 0.260 0.481 0.697 1.363 1.796 2201 2.718 3.106
12 1 0.128 0.259 0.480 0.695 1.356 1.782  2.179  2.681  3.055
131 0.128 0.259 0479 0.694 1.350 1.771  2.160 2.650  3.012
14 1 0.128 0.258 0.478 0.692 1.345 1.761 2.145 2.624 2977
151 0.128 0.258 0477 0.691 1.341 1.753 2131  2.602  2.947
16 | 0.128 0.258 0.477 0.690 1.337 1.746 2.120 2.583 2.921
17 1 0.128 0.257 0476 0.689 1.333 1.740 2.110 2.567  2.898
18 1 0.127 0.257 0.476 0.688 1.330 1.734 2.101  2.552  2.878
19 1 0.127 0.257 0475 0.688 1.328 1.729  2.093 2.539 2.861
20 | 0.127 0.257 0.475 0.687 1.325 1.725 2.086 2.528  2.845
211 0.127 0.257 0.475 0.686 1.323 1.721 2.080 2518 2.831
22 1 0.127 0.256 0.474 0.686 1.321 1.717 2.074 2508 2.819
231 0.127 0.256 0.474 0.685 1.319 1.714 2.069 2500 2.807
241 0.127 0.256 0.474 0.685 1.318 1.711 2.064 2.492  2.797
251 0.127 0.256 0.473 0.684 1.316 1.708 2.060 2.485  2.787
26 | 0.127 0.256 0.473 0.684 1.315 1.706 2.056  2.479  2.779
2710127 0.256 0.473 0.684 1.314 1.703 2.052 2473 2.771
28 1 0.127 0.256 0.473 0.683 1.313 1.701 2.048 2467 2.763
29 1 0.127 0.256 0.473 0.683 1.311 1.699 2.045 2462 2.756
30 | 0.127 0.256 0.472 0.683 1.310 1.697 2.042 2.457  2.750
40 1 0.126 0.255 0471 0.681 1.303 1.684 2.021 2.423 2.704
50 | 0.126 0.255 0.471 0.679 1.299 1.676 2.009 2403 2.678
60 | 0.126 0.254 0.470 0.679 1.296 1.671 2.000 2.390 2.660
70 | 0.126 0.254 0.470 0.678 1.294 1.667 1994 2381 2.648
80| 0.126 0.254 0.469 0.678 1.292 1.664 1990 2374 2.639
90 | 0.126 0.254 0.469 0.677 1.291 1.662 1987 2.368 2.632
100 | 0.126 0.254 0.469 0.677 1.290 1.660 1.984 2.364 2.626
oo | 0.126 0.253 0.468 0.674 1.282 1.645 1960 2.326  2.576




Table 3: Quantiles of the Chi-squared distribution: fo‘r X2(NDF)dz = «

NDF; o | 0.005 0.010 0.025  0.050 0.900 0.950 0.975 0.990 0.995
1] 0.000 0.000 0.001 0.004 2.706 3.841 5.024 6.635 7.879
2| 0.010 0.020 0.051  0.103 4.605 9.991 7.378 9.210  10.597
31 0072 0.115 0.216  0.352 6.251 7.815 9.348 11.345 12.838
41 0207 0297 0484 0.711 7.779 9.488 11.143  13.277  14.860
51 0412 0.554 0.831 1.145 9.236  11.070  12.833 15.086  16.750
6| 0676 0.872 1.237 1.635 10.645 12.592 14.449 16.812  18.548
71 0989 1239 1.690 2.167 12.017 14.067 16.013 18475  20.278
81 1.344 1.646 2.180 2.733 13.362 15.507 17.535 20.090 21.955
9| 1.735 2083 2.700 3.325 14.684 16.919 19.023 21.666  23.589

10 | 2.156  2.558  3.247  3.940 15987 18307 20483  23.209  25.188
11| 2.603 3.053 3.816 4.575 17.275 19.675 21.920 24.725  26.757
12| 3.074 3.571 4404 5.226 18549 21.026 23.337  26.217  28.300
13| 3.565 4.107  5.009 5.892 19.812 22362 24.736  27.688  29.819
14| 4075 4.660 5.629 6.571 21.064 23.685 26.119 29.141  31.319
15| 4.601 5.229 6.262 7.261 22307 24996 27.488  30.578  32.801
16 | 5.142 5812 6.908 7.962 23542 26.296 28.845 32.000  34.267
17| 5.697 6408 7.564 8672 24.769 27587 30.191 33.409  35.718
18| 6.265 7.015 8231 9.390 25989 28.869 31.526 34.805  37.156
19| 6.844 7.633 8907 10.117 27.204 30.144 32.852 36.191 38.582
20| 7434 8260 9591 10.851  28.412 31410 34.170  37.566  39.997
21| 8.034 8897 10.283 11.591 29.615 32.671 35479 38.932 41.401
22 | 8.643 9542 10982 12338 30.813 33.924 36.781  40.289  42.796
231 9.260 10.196 11.689 13.091  32.007 35.172 38.076  41.638  44.181
241 9.886 10.856 12.401 13.848 33.196 36.415 39.364 42.980  45.559
251 10.520 11.524 13.120 14.611 34.382 37.652  40.646 44.314  46.928
26 | 11.160 12.198 13.844 15.379 35.563 38.885 41.923 45.642  48.290
27 | 11.808 12.879 14.573 16.151 36.741  40.113  43.195 46.963  49.645
28 | 12.461 13.565 15.308 16.928 37.916 41.337 44.461 48.278  50.993
29 | 13.121 14.256 16.047 17.708  39.087 42,557  45.722  49.588  52.336
30 | 13.787 14.953 16.791 18.493 40.256 43.773  46.979 50.892  53.672
40 | 20.707 22.164 24.433 26.509 51.805 55.758  59.342 63.691  66.766
50 | 27.991 29.707 32.357 34.764 63.167 67.505 71.420 76.154  79.490
60 | 35.534 37.485 40.482 43.188  74.397  79.082  83.298  88.379  91.952
70 | 43.275 45.442 48.758 51.739  85.527  90.531  95.023 100.425 104.215
80 | 51.172 53.540 57.153 60.391  96.578 101.879 106.629 112.329 116.321
90 | 59.196 61.754 65.647 69.126 107.565 113.145 118.136 124.116 128.299
100 | 67.328 70.065 74.222 77.929 118.498 124.342 129.561 135.807 140.169




